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Abstract
For p ≥ 0, let σ = n + 2 − p(n − 2). Let K (x) be nonnegative in Rn and satisfy the conditions that |x | σ2 K (x)
is nondecreasing along each ray {tξ | t > 0} for any unit vector ξ ∈ Rn and lim|x |→+∞ |x | σ2 K (x) = +∞. For
p < 1, assume in addition that K (x) is locally bounded in Rn\{0}. Then −u = K (x)u p possesses no positive
solutions.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction
In this work we consider the following problem:{−u = K (x)u p, x ∈ Rn\{0}, n ≥ 3.
u > 0, u ∈ C1(Rn) ∩ C2(Rn\{0}). (1.1)
For K (x) ≡ a positive constant and p < n+2
n−2 , the nonexistence of solutions of (1.1) is a special case
of the results in [6]. For 1 < p < n+2
n−2 and a general K (x), a beautiful result was proved in [4]; one
basic assumption in [4] is that K (x) is a subharmonic function in Rn . For K (x) = K (|x|), Kusano and
Naito [5] proved:
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Theorem A. For p > 1, let σ = n + 2 − p(n − 2). Let K (r) ∈ C1[0,+∞) be nonnegative and
d
dr (r
σ
2 K (r)) ≥ 0, ≡0. Then (1.1) has no radially symmetric solutions.
In [3], Ding and Ni proved Theorem A for p = n+2
n−2 . Considering nonradial solutions of (1.1),
Bianchi [1, Theorem 1] proved that if either p > n+2
n−2 and
d
dr (r
σ K (r)) ≥ 0 or 1 < p ≤ n+2
n−2 and
d
dr (r
σ
2 K (r)) ≥ 0, ≡ 0, then (1.1) has no solutions.
In this work, we consider nonradial solutions of (1.1). K (x) need not be radially symmetric and
continuous; we generalized Theorem A to p ≥ 0. However, we need a additional assumption that
lim|x |→+∞ |x| σ2 K (x) = +∞.
Our result is the following.
For p ≥ 0, let σ = n + 2 − p(n − 2). Assume that
(K ) |x| σ2 K (x) is nondecreasing along each ray {tξ | t > 0} for any unit vector ξ ∈ Rn and
lim|x |→+∞ |x| σ2 K (x) = +∞.
Theorem 1.1. For p ≥ 0, let K (x) be nonnegative in Rn and satisfy (K ). For p < 1, assume in addition
that K (x) is locally bounded in Rn\{0}. Then (1.1) possesses no solutions.
Remark 1.1. For p > n+2
n−2 and K (x) ≡ 0, ddr (rσ K (r)) ≥ 0 implies (K ). Therefore Theorem 1.1 is a
partial improvement of Theorem 1 in [1].
Remark 1.2. We consider the generalized Matukuma equation
u + K (x)u p = 0 in R3,
where K (x) = |x |λ−2
(1+|x |2) λ2
.
We know that for λ = 2, p > 1 there are solutions. From Theorem 1.1, for 0 ≤ p < 1 there are no
solutions since K (x) satisfies (K ). Indeed r σ2 K (r) is nondecreasing if and only if p ≤ 1. Therefore, to
some extent Theorem 1.1 is optimal.
In the proof of Theorem 1.1 our main technique is the method of moving spheres, a variation of
the method of moving planes. In recent years, Li, Zhang, Lou, Zhu, Chipot, Shafrir and Fila [7,2,9,6]
obtained a number of good results for elliptic equations using the method of moving spheres. The proof
of our theorem is along the lines of [7,2,9,6].
Our work is organized as follows. In Section 2, we give the proof of Theorem 1.1. In the Appendix A,
we give two lemmas that are used in the proof.
2. Proof of Theorem 1.1
In this section we will give the proof of Theorem 1.1. We prove it by contradiction. Suppose that u is
a positive solution of (1.1). The contradiction will be deduced using the following propositions.
For λ > 0, we consider the Kelvin transformation of u:
uλ(y) = λ
n−2
|y|n−2 u
(
λ2
|y|2 y
)
, y ∈ Rn\{0}.
Proposition 2.1. There exists λ0 > 0 such that uλ(y) ≤ u(y), for all 0 < λ < λ0 and |y| ≥ λ.
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Set
λ¯ = sup{µ > 0 | uλ(y) ≤ u(y), for all |y| ≥ λ, 0 < λ ≤ µ}.
By Proposition 2.1, λ¯ is well defined and 0 < λ¯ ≤ ∞. Then we show:
Proposition 2.2. If λ¯ < +∞, then uλ¯(y) ≡ u(y) on Rn\{0}.
Proposition 2.3. λ¯ = +∞.
Proof of Theorem 1.1. From Propositions 2.2 and 2.3, we have uλ¯(y) ≡ u(y) on Rn\{0}. The equation
for uλ is
−uλ =
(
λ
|y|
)n+2−p(n−2)
K
(
λ2
|y|2 y
)
u
p
λ on R
n\{0}.
Then(
λ¯n+2−p(n−2)
|y|n+2−p(n−2) K
(
λ¯2
|y|2 y
)
− K (y)
)
u p(y) ≡ 0 on Rn\{0}.
By K , for large |y| the left of the above equality is strictly negative. This is a contradiction. 
In the rest of this section we establish the above propositions.
Proof of Proposition 2.1. Clearly, there exists r0 > 0 such that
d
dr
(
r
n−2
2 u(r, θ)
)
> 0, ∀ 0 < r < r0, θ ∈ Sn−1. (2.1)
Consequently,
uλ(y) < u(y), ∀ 0 < λ < |y| < r0. (2.2)
By the superharmonicity of u in Rn\{0} and the maximum principle,
lim inf
|y|→∞
(|y|n−2u(y)) > 0
and, therefore,
u(y) ≥ c0|y|−(n−2) for some c0 > 0 and ∀ |y| ≥ r0. (2.3)
Let
λ0 = min



 c0
max
B¯r0
u


1
n−2
, r0

 .
Then for every 0 < λ < λ0, and |y| ≥ r0, we have
uλ(y) ≤ λ
n−2
0
|y|n−2 maxB¯r0
u ≤ u(y). (2.4)
It follows from (2.2) and (2.4) that for every 0 < λ < λ0,
uλ(y) ≤ u(y), ∀ |y| ≥ λ.
Thus the proof of Proposition 2.1 is completed. 
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Proof of Proposition 2.2. Let Σλ = {y; |y| > λ}. Clearly, it suffices to show that uλ¯ ≡ u on Σλ¯. We
prove it by contradiction. Suppose uλ¯ ≡ u on Σλ¯. The equation for uλ is
−uλ =
(
λ
|y|
)n+2−p(n−2)
K
(
λ2
|y|2 y
)
u
p
λ on R
n\{0}.
By (K ), we have
−(u − uλ¯) ≥ 0 in Σλ¯. (2.5)
Thus by the maximum principle,
u − uλ¯ > 0 in Σλ¯, (2.6)
lim inf
y→∞ |y|
n−2(u(y) − uλ¯(y)) > 0, (2.7)
and by the Hopf lemma,
d
dr
(u − uλ¯)|∂ Bλ¯ > 0. (2.8)
By the compactness of ∂ Bλ¯ and the continuity of ∇u, from (2.8) there exists b > 0 and R > λ¯ such that
d
dr
(u − uλ) ≥ b > 0, for λ¯ ≤ λ ≤ R, λ ≤ r ≤ R.
Consequently, since u − uλ = 0 on ∂ Bλ, we have
u(y) > uλ(y), λ¯ ≤ λ < R, λ < |y| ≤ R. (2.9)
It follows from (2.6) and (2.7) that
u(y) − uλ¯(y) ≥ c0|y|2−n, for some c0 > 0 and |y| ≥ R. (2.10)
Therefore,
u(y) − uλ(y) ≥ c0|y|n−2 − (uλ(y) − uλ¯(y)), |y| ≥ R. (2.11)
By the uniform continuity of u on B¯R, there exists 0 <  < R − λ¯ such that for all λ¯ ≤ λ ≤ λ¯ + ,∣∣∣∣λn−2u
(
λ2 y
|y|2
)
− λ¯n−2u
(
λ¯2 y
|y|2
)∣∣∣∣ < c02 , ∀ |y| ≥ R.
It follows from (2.11) and the above that
u(y) − uλ(y) > 0, for λ¯ ≤ λ ≤ λ¯ + , |y| ≥ R. (2.12)
Thus (2.9) and (2.12) violate the definition of λ¯. 
Proof of Proposition 2.3. We will use a technique due to Chang-Shou Lin [8]. We prove this proposition
by contradiction. Suppose that λ¯ = +∞. By the definition of λ¯,
u(x) ≥ uλ(x) = λ
n−2
|x|n−2 u
(
λ2
|x|2 x
)
, ∀ x ∈ Rn, |x| ≥ λ,∀ λ > 0. (2.13)
For |x| ≥ 1, let λ = |x| 12 . From (2.13) we have
u(x) ≥ |x|− n−22 u
(
x
|x|
)
≥ C0|x|− n−22 ,∀ |x| ≥ 1 (2.14)
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where C0 = min∂ B1 u(x).
Rewrite Eq. (1.1) as
u + b(x)u = 0,
where b(x) = K (x)u p−1(x). By Lemma A.1 in the Appendix A we only need to prove that
lim
|x |→+∞
b(x)|x|2 = +∞. (2.15)
In the rest of this section we will prove (2.15). There are two cases.
Case I: p ≥ 1. For ∀ C > 0, using K , let |x| σ2 K (x) ≥ CC1−p0 for |x| ≥ R0 ≥ 1. From (2.14),
b(x)|x|2 ≥ CC1−p0 |x|−
σ
2 (C0|x|− n−22 )p−1|x|2 ≥ C in Rn\BR0.
Case II: 0 ≤ p < 1. If we could prove that there exists C1 > 0 such that
u(x)|x| n−22 ≤ C1 in Rn, (2.16)
for ∀ C > 0, then by K , letting |x| σ2 K (x) ≥ CC1−p1 for |x| ≥ R1, we would have
b(x)|x|2 ≥ CC1−p1 |x|−
σ
2 (C1|x|− n−22 )p−1|x|2 ≥ C in Rn\BR1.
In the following we will prove (2.16) by contradiction. Suppose that there exists xi → +∞ and
x
n−2
2
i u(xi ) → +∞. Let v(y) = |y|2−nu( y|y|2 ) be the Kelvin transformation of u. Then
−v =
(
1
|y|
)n+2−p(n−2)
K
(
y
|y|2
)
v p in Rn\{0}.
By the assumption, limi→+∞ |yi | n−22 v(yi) → +∞, where yi = xi|xi |2 . Let li = 12 |yi | and apply
Lemma A.2 from the Appendix A to vi (y) = v(yi + li y) and a = n−22 ; we can find y¯i ∈ Bli (yi) such that
v( y¯i) ≥ 2 2−n2 maxBσi (yi ) v(y) and (σi)
n−2
2 v( y¯i) ≥ ( li2 )
n−2
2 v(yi), where σi = 12 (li − |y¯i − yi |) ≤ li2 .
It follows that v( y¯i) ≥ v(yi) and
Li := v( y¯i) 2n−2 σi ≥
((
li
2
) n−2
2
v(yi)
) 2
n−2
=
(( yi
4
) n−2
2
v(yi)
) 2
n−2
→ ∞.
Set wi(y) = 1v( y¯i ) v
(
y¯i + y
v( y¯i )
2
n−2
)
, where |y| < Li . Then
−wi = Kiw pi for |y| < Li .
where
Ki =
∣∣∣v( y¯i) 2n−2 y¯i + y∣∣∣p(n−2)−(n+2) K
(
y∗
|y∗|2
)
, y∗ = y¯i + y
v( y¯i)
2
n−2
and
1 = wi (0) ≥ 2 2−n2 max
B¯Li
wi .
Since |v( y¯i) 2n−2 y¯i | ≥ v( y¯i) 2n−2 li ≥ v( y¯i) 2n−2 σi → +∞ and K (x) is locally bounded in Rn\{0}, from
the above, for any compact set H in Rn , there exists i0 ∈ Z+ such that Kiw pi (i > i0) is uniformly
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bounded in H . By elliptic estimates, there exists a subsequence (still denoted by wi ) of wi such that
wi uniformly converges to a function w in C1loc(Rn). Since wi(0) = 1, by the Harnack inequality,
inf|y|≤R wi(y) ≥ C(R) > 0 for some constant C(R) independent of i . Then we have
w = 0, w > 0, in Rn.
This is a contradiction. 
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Appendix A. Two lemmas
Lemma A.1. Suppose that lim|x |→+∞,|x |∈Rn b(x)|x|2 = +∞. Then the equation
u + b(x)u = 0 in Rn\{0}
possesses no positive C2 solutions.
Proof of Lemma A.1. (The proof is taken from [8].) We prove it by contradiction. Suppose u ∈
C2(Rn\{0}) is a positive solution of the equation. Let v(y) = u(x + |x|y) for |y| ≤ 12 . Then v satisfies
v + |x|2b(x + |x|y)v = 0 for |y| ≤ 12 . Since v > 0, from the comparison of eigenvalues, we have
inf|y|≤ 12 (|x|2b(x + |x|y)) ≤ µ1, where µ1 is the first eigenvalue of  for the ball of radius
1
2 with
zero boundary value. However, lim|x |→+∞ |x|2b(x + |x|y) = +∞ uniformly for |y| ≤ 12 . This yields a
contradiction. 
The following lemma is taken from [6].
Lemma A.2. Let u ∈ C0(B¯1) be a positive solution. Then for every a > 0, there exists |x| < 1 such that
u(x) ≥ 12a maxBσ (x) u and σ au(x) ≥ 12a u(0) with σ = (1 − |x|)/2.
Proof of Lemma A.2. Consider v(y) = (1 − |y|)au(y). Let x ∈ B1 be a maximum point of v and let
σ = (1 − |x|)/2. It is easy to see that x and σ have the desired properties. 
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